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Abstract
A block of a path in a digraph is a maximal directed subpath. We prove that any n-chromatic digraph contains a path of length
n− 1 consisting of two blocks, one of which has length one.
We then study the general problem of whether an n-chromatic digraph contains a path of length n−1 consisting of two blocks
of speciﬁed lengths.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
The digraphs considered here have no loops or multiple edges.An oriented graph is a digraph in which, for every two vertices
x and y, at most one of (x, y), (y, x) is an edge. The chromatic number of a digraph is the chromatic number of its underlying
graph. A graph G is said to be k-critical if (G)= k and (G− v)= k − 1 for any vertex v in V (G).
A block of a path in a digraph is a maximal directed subpath. We recall that the length of a path is the number of its edges.
We consider in this paper the following question.
Given an n-chromatic digraph D, which oriented paths of length n− 1 can be found in D?
If D is an n-tournament, Thomason in [7] proves that D contains any oriented path of length n− 1 if n is large enough. Havet
and Thomassé give in [4] a reﬁnement of Thomason’s result, proving that this is valid for every tournament except in three cases:
the directed 3-cycle, the regular tournament on ﬁve vertices, and the Paley tournament on seven vertices; in these casesD contains
no antidirected path of length n− 1 (the path in which each block is of length one).
In general, when D is an n-chromatic digraph, the situation is quite different. We only know that D contains a directed path
of length n− 1 [3,6].
Burr treated the same question for oriented trees. He proved in [1] that an (n− 1)2-chromatic digraph contains any oriented
tree of order n. He also conjectured that a 2(n − 1)-chromatic digraph contains all oriented trees of order n. This conjecture
generalizes Sumner’s conjecture, which asserts that the same is true for tournaments [5].
In this paper we will be interested in the paths consisting of two blocks. We shall treat only the paths P(k, l) beginning with
k forward edges, followed by l backward edges, as the others can be obtained simply by reversing all edges of the digraph.
Wemay further suppose that the digraphs considered here are all oriented graphs, and moreover, that they are not tournaments,
since the problem for tournaments has been completely resolved [4].
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2. The path P(n− 2, 1)
Theorem 1 (J.A. Bondy andA. El Sahili). Let n be an integer greater than three then any n-chromatic digraph contains a path
of length n− 1 formed by two blocks, one of which has length one.
Proof. Let D be an n-chromatic digraph. We have to prove that D contains a path P(n− 2, 1). First we may suppose, without
loss of generality, that D is n-critical.
Let Q = v1v2 · · · vt be a longest directed path in D. By the Gallai–Roy theorem, we have t n. If w is a neighbour of vt
outside Q, then w −→ vt , since otherwise Q together with w −→ vt is a directed path longer than Q. Thus D contains a path
P(n− 2, 1) in this case.
We now suppose that N(vt ) ⊆ Q. Let vs be the neighbour of vt of minimal index. Since D is n-critical, d(vt ) n − 1 and
so t − s n− 1. If vs −→ vt , then the path vt−n+2 · · · vt vs is a path P(n− 2, 1). Otherwise, we have in the case s > 1 a path
P(n− 2, 1) contained in the path vs+1 · · · vt vsvs−1. If s = 1 then v1v2 · · · vt v1 is a directed cycle. We consider two cases:
1. V (D) = {v1, v2, . . . , vt }. Letwbe a vertex ofD such thatwvi is an edge arbitrary oriented ofG(D) for some i ∈ {1, 2, . . . , t}.
Then D contains a directed path of length t, a contradiction.
2. V (D) = {v1, v2, . . . , vt }. Since D is not an n-tournament and is n-chromatic, we have t n + 1. Let vivj be a chord
intercepting a path of minimal length of the hamiltonian cycle. We may suppose that i = 1 and v1 · · · vj is the path of
minimal length intercepted by vivj . We claim that t− j +2 n. This is obvious if j =3. If j 3, we haveN(v2)\{v1, v3} ⊆
{vj+1, . . . , vt−j+3} by the deﬁnition of j. Since D is n-critical, N(v2) contains at least n− 1 vertices, so
t − j + 2 d(v2)+ 1 n.
It follows that either vj+1 · · · vt v1vj or vj+1 · · · vt v1vj vj−1 contains a path P(n − 2, 1) according as vj −→ v1 or
v1 −→ vj . 
Corollary 1. A 4-chromatic digraph contains any 3-path consisting of two blocks.
3. General problem
Here we study the general problem of determining the function f (n) deﬁned to be the smallest integer such that any f (n)-
chromatic digraph contains all paths P(k, j) with k + j = n− 1.
It follows from the result of Burr [1] mentioned earlier that f (n) (n−1)2. The following theorem gives a sharper estimation
of the function f (n).
Theorem 2. For every n 4, f (n) 34n
2
.
Lemma 1 (Sahili [2]). Let G be a graph containing no K2n+1, n 2. Suppose that we can orient G in such a way that each
vertex has in-degree at most n. Then (G) 2n.
Deﬁne the sequence g(m, i) for m 4 and 0 im/2 by
g(4, 0)= g(4, 1)= g(4, 2)= 4, g(m, 0)= g(m, 1)=m for m 4,
g(m, i)= g(m− 1, i − 1)+ 2(m− 3) for m 5 and 2 i m
2
.
Lemma 2. Any g(m, i)-chromatic digraph contains a path P(m− i − 1, i).
Proof. By Corollary 1, the lemma is true if m= 4. It is also true, by theorem 1, for m 5 if i = 0, 1. Suppose that it is true for
i − 1 and let D be a g(m, i)-chromatic digraph,m 5. We suppose, to the contrary, that D contains no path P(m− i − 1, i). Let
H (resp. H ′) be the subdigraph of D induced by the vertices of in-degree at least m− 2 (resp. of in degree at most m− 3). If H
contains a path Q= P(m− 1− i, i − 1), then let v be the end vertex of Q, which is also the end vertex of the block of length
i−1. Since d−(v)m−2,Q hasm−1 vertices andD is oriented, there is a vertex u inD such that u /∈Q and u −→ v, henceQ
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together with (u, v) is a path P(m− i−1, i), a contradiction.We get from the induction hypothesis that (H)<g(m−1, i−1).
On the other hand, G(H ′) contains no Km by [4]. So by lemma 1 (H ′) 2(m− 3). Therefore:
(D) (H)+ (H ′)< g(m− 1, i − 1)+ 2(m− 3),
a contradiction. 
Lemma 3. For every m 4, the sequence g(m, i) is increasing with respect to i.
Proof. We argue by induction on i. we have g(m, 0)= g(m, 1). Suppose that g(m, i) g(m, i − 1). Then g(m, i + 1)= g(m−
1, i)+ 2(m− 3) g(m− 1, i − 1)+ 2(m− 3)= g(m, i). 
Proof of Theorem 2. From the above lemmas, a g(m, i)-chromatic digraph contains any path P(k, j) such that j i and
k + j =m− 1. Consequently, a g(n, n/2)-chromatic oriented digraph contains any (n− 1)-path of two blocks. We have:
g
(
n,
⌊n
2
⌋)
= g
(
n− 1,
⌊n
2
⌋
− 1
)
+ 2(n− 3)
= g
(
n− 2,
⌊n
2
⌋
− 2
)
+ 2((n− 1)− 3)+ 2(n− 3)
...
= g
(
n−
⌊n
2
⌋
+ 1, 1
)
+ 2
n/2−2∑
k=0
((n− k)− 3).
Then
g
(
n,
⌊n
2
⌋)
= n−
⌊n
2
⌋
+ 1+ 2
n/2−2∑
k=0
((n− k)− 3)
= n−
⌊n
2
⌋
+ 1+ (2n− 6)
(⌊n
2
⌋
− 1
)
−
(⌊n
2
⌋
− 2
) (⌊n
2
⌋
− 1
)
 34 n
2 − 2n+ 2.
From the deﬁnition of f (n) we have
f (n) g
(
n,
⌊n
2
⌋)
.
So f (n) 34n
2
. 
Conjecture. f (n)= n.
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